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Abstract
We study freeze-in dark matter production in models that rely on the Clockwork mechanism to
suppress the dark matter couplings to the visible sector. We construct viable scalar and fermionic
dark matter models within this “Clockwork FIMP” scenario, with several subtleties that need to be
taken into account revealed in the model-building process. We also provide analytic, semi-analytic
and numerical results for the diagonalization of Clockwork-type mass matrices and briefly discuss
the LHC phenomenology of the corresponding scenarios.
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I. INTRODUCTION
The non-observation of TeV-scale new physics at the Large Hadron Collider (LHC) has
prompted a critical re-investigation of the naturalness problem of the Standard Model (SM)
as an effective theory. A number of interesting proposals have appeared during the last
decade, including neutral naturalness [1, 2], hidden sector models [3, 4], twin Higgs [5] or
the dynamical relaxation of the weak scale in models involving axions, the so-called relaxion
scenario [6]. The relaxion picture, in particular, has found an interesting UV motivation
in the context of renormalizable quiver theories of scalars which appear as pseudo-Nambu-
Goldstone bosons in the low-energy effective action [7–14]. By employing specific symmetry
breaking patterns, such configurations can generate an exponential scale separation between
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the fundamental theory and the low-energy effective theory. These scenarios, which have
been dubbed “Clockwork” models, can be further motivated from the deconstruction of
extra dimensional models, supersymmetry and string theory[10–13].
However, the Clockwork mechanism can be viewed as a more generic (albeit, not without
limitations [10]) framework to naturally generate exponential hierarchies between different
scales or couplings. As such, it has also been exploited in the context of inflation [15–17],
neutrino physics [18, 19], composite Higgs models [20], flavor [21] and axion physics [22–25],
long story short, in several situations involving large scale separations or small couplings.
Besides, the Clockwork idea could also be invoked in order to naturally explain different
aspects of dark matter (DM) phenomenology. As an example, in most WIMP scenarios dark
matter stability is ensured through the – by hand – imposition of some discrete or continuous
symmetry (for an interesting overview cf e.g. [26]). The authors of [27], instead, proposed a
model in which the dark matter particles can decay, but only through Clockwork-suppressed
couplings and can, hence, be rendered naturally stable over cosmological timescales.
At the same time, the non-observation of dark matter particles in direct [28–31], indirect
[32–34] and collider searches [35, 36] has motivated the study of dark matter generation
mechanisms alternative to the standard thermal freeze-out picture. One such scenario that
has received particular attention is the so-called “freeze-in” mechanism [37, 38] in which the
dark matter particles only interact extremely weakly with the visible sector, with the corre-
sponding DM candidates being dubbed “Feebly Interacting Massive Particles” (FIMPs).
The most conventional freeze-in scenarios require couplings between dark matter and
other bath (in this context, in thermal equilibrium with the SM) particles of the order of
10−10 − 10−13 which may appear unnatural from an IR standpoint. An interesting question
is, then, whether the Clockwork idea could be employed in order to explain the smallness
of these couplings. A first attempt in this direction was presented in [39] and then in [40],
in which the authors proposed a Higgs portal scalar dark matter model with Clockwork-
suppressed interactions between dark matter pairs and the SM Higgs boson. Within the
assumptions adopted in these works, this scenario requires a FIMP mass within the range
of a few MeV.
In this paper, we explore alternative possibilities for the “Clockwork FIMP” idea. We
propose ways to extend the dark matter mass range for the case of scalar dark matter pro-
duced through Higgs portal-type interactions and we further construct a model of fermionic
Clockwork FIMP. In both cases, we investigate the requirements for successful freeze-in dark
matter production, point out various subtleties that appear in the model-building process
and discuss the potential LHC phenomenology associated with these frameworks. We do
not contemplate on possible UV completions that can generate the Clockwork particle land-
scape. Rather, we focus our attention on the necessary and salient features of building a
Clockwork FIMP model. Lastly, we provide a detailed derivation of the diagonalization of
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“Clockwork-type” matrices and deformations thereof in our Appendices 1.
The rest of the paper is organized as follows: in Section II we recall some key features of
the freeze-in dark matter production mechanism that will be of relevance in what follows.
Sections III and IV contain the main results of this paper. In each case, after summarizing
the Clockwork mechanism we present two concrete models of FIMP dark matter, one scalar
(Section III) and one fermionic (Section IV), we study their viable parameter space and
discuss alternative constructions that could be considered. In Section V we comment on the
LHC phenomenology of our main scenarios and in Section VI we conclude. Two Appendices
follow, in which we describe in detail the procedure to diagonalize the scalar (Appendix A)
and fermion (Appendix B) Clockwork mass matrices.
II. FREEZE-IN DARK MATTER PRODUCTION
In its simplest form, the freeze-in picture relies on two main assumptions for the dark
matter particles χ (for a recent review cf [41]). The first one is that early enough during the
cosmic evolution, they where absent from the primordial plasma. The second is that they
only interact extremely weakly with Standard Model particles or any other particle species
that is in thermal equilibrium with the SM thermal bath. The dark matter annihilation
rate through a reaction of the type χ + X → a + b scales as nχnX × 〈σv〉, where ni is the
number density of species i and σ the reaction cross-section. Then, the combination of the
two freeze-in requirements (small nχ and small couplings to the visible sector) implies that
any quantity of dark matter particles produced will not annihilate back. In other words,
when solving the Boltzmann equation for χ, we can ignore its annihilation term and, as long
as χ is stable, only take into account the integrated collision term corresponding to dark
matter production. The latter can occur either from decay or from scattering processes of
SM or BSM particles.
In the freeze-in picture, dark matter production typically starts at some temperature
TR, called the “reheating temperature”, and can peak either at much lower temperatures
(“IR-dominated” freeze-in) [38] or close to TR (“UV-dominated” freeze-in, cf e.g. [42]). The
reheating temperature can find a more precise meaning in the context of inflation, being
defined through the inflaton decay rate Γφ as TR ∼ ΓφMPl, where MPl is the Planck mass.
For the purposes of this work, TR is simply a parameter representing the temperature at
which dark matter production is assumed to start. Besides, in the scenarios we study in this
paper freeze-in is IR-dominated, so the dependence of the predicted dark matter abundance
on TR is very mild.
As already mentioned in the introduction, in typical freeze-in scenarios the observed relic
1 A derivation of the eigenvalues and eigenvectors of the original Clockwork can be found in [22].
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abundance can be reproduced for FIMP couplings to the bath particles of the order of
10−10 – 10−13. One possibility in order to naturally explain such values is to assume that
dark matter production is driven from operators involving O(1) couplings but which are
suppressed by some large mass scale, cf e.g. [43]. Another possibility, which is also the
direction we follow in this work, is by invoking symmetries and symmetry breaking patterns
that necessarily lead to some couplings being highly suppressed. Note that the dark matter
particles should not possess substantial interactions with any sector that thermalizes with
the Standard Model, since this would necessarily lead to the thermalisation of the dark
matter particles themselves. This feature, as trivial as it might appear, imposes additional
restrictions on FIMP dark matter model-building.
As simple as the freeze-in idea might be, in practice calculations can get fairly cumbersome
if a large number of processes contribute to dark matter production. As we will see in the
following Sections Clockwork FIMP scenarios do, indeed, tend to involve a large number of
BSM fields and processes through which dark matter particles can be produced. In order to
account for all of them, we employ the latest version of the micrOMEGAs dark matter code [44]
which has been recently upgraded in order to compute the abundance of FIMP dark matter
candidates in freeze-in scenarios. The implementation of all models in micrOMEGAs5.0 has
been performed through the FeynRules package [45].
Let us, finally, also comment on one last point concerning the distribution functions
of bath particles in the early Universe. In most existing studies of freeze-in scenarios, it
is assumed that the bath particles follow a Maxwell-Boltzmann distribution. In [44] it
was shown that dropping this assumption can affect the estimated dark matter abundance
by factors up to a few. We have, however, found that dropping the Maxwell-Boltzmann
approximation increases the CPU requirements to such an extent that a systematic study
of our models is made prohibitive. For this reason, throughout this work we will assume
Maxwell-Boltzmann distribution functions for all bath particles. Whereas we expect that
our results may change by factors of a few, our qualitative results remain unaltered.
III. A SCALAR CLOCKWORK FIMP
We now move on to discuss the Clockwork mechanism and how it can be employed
in order to naturally generate the small couplings required for successful freeze-in dark
matter production. We start with the scalar case, first recalling the basic ingredients of the
mechanism. It goes without saying that a more detailed discussion of the general features of
the Clockwork idea can be found in the original references [7–9]. Here we simply highlight
some elements in order to make the discussion as self-contained as possible and to motivate
some of our choices. We then study a concrete realisation of a Higgs portal scalar dark
matter model and comment on alternative model-building possibilities.
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A. The scalar Clockwork mechanism
A scalar Clockwork model can be constructed starting from a global
∏N
i=0⊗U(1)i sym-
metry in some theory space. The U(1)i factors are spontaneously broken at respective scales
fi, which for simplcity we take to be equal to a common scale f , generating N + 1 massless
Goldstone bosons below this scale.
The mechanism, then, is reminiscent of an Ising model with nearest neighbour interactions
between lattice sites: the global U(1)N+1 is further softly broken by N spurion-like mass
parameters m2j , each of which is taken to carry a charge
Qi = δij − qδi(j+1) (1)
under U(1)i. This structure introduces off-diagonal “interactions” between scalars charged
under adjacent quiver sites. The parameter q is a strength (coupling) characterizing these
nearest neighbor interactions. For simplicity, we assume a universal value m2 for all the
mj parameters. In any case, since N links are explicitly broken, there is one true massless
goldstone mode described by the generator
Q =
N∑
j=0
Qj
qj
. (2)
By choosing m2 << f 2, we can work within an effective field theory (EFT) in which the only
relevant degrees of freedom are the Goldstone bosons, described by the familiar expression
Uj = e
iφj/f , j = 0, ..., N. (3)
The EFT Lagrangian reads
LSCW = −1
2
N∑
j=0
∂µφ
†
j∂
µφj − V (φ) (4)
where, expanding up to O(φ4) in the fields, the scalar potential is given by
V (φ) =
N−1∑
j=0
m2
2
(φj − qφj+1)2 +
N−1∑
j=0
m2
24f 2
(φj − qφj+1)4 +O(φ6)
≡ 1
2
N∑
i,j=0
φiM
2
ijφ
j +
m2
24f 2
N∑
i,j=0
(φiM
2
ijφ
j)2 +O(φ6). (5)
The φi squared mass matrix M
2 can be, as usual, read off the quadratic piece of the potential.
It obtains a particular form (cf [9]) known as the tridiagonal matrix and can be diagonalized
by a real symmetric orthogonal matrix O as OTM2O = diag(m2a0 , . . . ,m
2
aN
), where a0 . . . aN
are the mass eigenstates. The eigenvalues of M2, for a discrete number of sites, along with
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the corresponding eigenvectors, can be found by a recursion relation of sequences which
we describe in Appendix A. The eigenvectors contain one massless “zero mode” a0 , and a
tower of massive states ak (the psueudo-Nambu-Goldstone bosons), dubbed the “Clockwork
gears”. The eigenvalues read
m2a0 = 0, m
2
ak
= λkm
2; λk = q
2 + 1− 2q cos kpi
N + 1
, k = 1, . . . , N (6)
whereas the elements of the rotation matrix O are given by
Oj0 =
N0
qj
, Ojk = Nk
[
q sin
jkpi
N + 1
− sin (j + 1)kpi
N + 1
]
; j = 0, ...., N ; k = 1, , ..., N (7)
with
N0 =
√
q2 − 1
q2 − q−2N and NK =
√
2
(N + 1)λk
(8)
The masses of the Clockwork gears fill a band of discrete levels, a structure reminiscent
of Kaluza-Klein towers from the deconstruction of compactified extra dimensional set-ups.
The mass band starts from ma1 ' (q − 1)m and extends up to maN ' ma1 + ∆m, where
∆m/ma1 = 2/(q − 1). In the large N limit, the mass gap between different levels is
δmk
mak
∼ qpi
Nλk
sin
kpi
N + 1
, k = 1, . . . , N − 1 (9)
The crucial feature of the Clockwork setup is the isolation of the goldstone mode for
sufficiently large values of N and q. If a theory is coupled to the N -th site of the Clockwork,
the induced interactions with the zero mode are suppressed by qN , thus leading naturally to
an extremely feeble coupling. This is an essential ingredient for the construction of a FIMP
model. We now proceed to the concrete construction of such a model.
B. A model of scalar FIMP
Although there are numerous ways to implement the freeze-in scenario with a real scalar
DM candidate, we will focus on a simple Higgs portal interaction. Such a scenario was also
discussed in [39, 40]. Here we expand on this idea and highlight some subtleties that need
to be taken into account.
Our starting point is a standard scalar Clockwork chain, like the one discussed previ-
ously, the N -th site of which is coupled to the Standard Model via a Higgs portal term
as κ|H†H|φ2N , where κ is a dimensionless coupling that we set to its maximally natural
value of 1 2. Above the electroweak symmetry breaking scale, the Clockwork sector can be
2 In [39], this coupling was achieved by introducing an additional spurion mass term. We do not concern
ourselves with the origin of such a term and only note that it can exist and it is renormalizable.
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diagonalized as described in Appendix A. In this phase, the zero mode a0 (our FIMP can-
didate) is strictly massless and its interactions with pairs of the Higgs doublet components
are suppressed by κ/q2N .
Once electroweak symmetry is broken, the N -th site φN acquires an additional mass con-
tribution through the Higgs vacuum expectation value (vev) as κv2φ2N/2. The effect of this
term on the Clockwork zero-mode eigenvalue is suppressed. This has been checked numer-
ically but can also be gleaned by noticing that the solution to the transcendental relation
Eq.(A12) for the massless mode is modified by q ' exp(iθ)+, where  ∼ v2/(m2q2N−2(q−1))
when v  m. The FIMP mass therefore scales as ∼ v/√2q2N−2(q − 1). For example, choos-
ing q = 2 and N = 5 we find ma0 ∼ 10 GeV whereas for q ' 10 and N = 10 the a0 mass
lies in the sub-keV range. With a bit of hindsight (cf also [39]), given that the values of q
and N for which successful freeze-in can be achieved correspond rather to the latter choice,
it would be useful to find a way to raise the FIMP mass. In [39], this was done by adding
an additional mass term to the N -th site of the Clockwork, which allowed the authors to
raise the DM mass to the MeV range. Here we follow an alternative method, which we find
to provide even more freedom.
Let us introduce an additional mass term for all sites by supplementing the potential in
Eq.(5) with 3,
N∑
i=0
t2
2
φ2i , (10)
so that the new mass matrix Mt becomes
Mt = m ·

1 + t2/m2 −q 0 . . . 0 0
−q 1 + q2 + t2/m2 −q . . . 0 0
...
...
...
...
...
...
0 0 0 . . . 1 + q2 + t2/m2 −q
0 0 0 . . . −q q2 + t2/m2

(N+1)×(N+1)
.
(11)
This term adds to all the diagonal elements of the mass matrix and has no effect on the form
of the transcendental relation Eq.(A12). Hence, the diagonalizing matrix O has the same
form as in the original Clockwork setup. On the other hand the eigenvalues, and therefore the
squared masses, contain an additional factor of t2. Introduction of the additional parameter
t, thus, allows us to control the value of the FIMP mass. Note that both the Higgs vev and
the additional mass term contribute to the mass of the zero mode and explicitly break the
remnant U(1) symmetry of the Clockwork chain.
3 One can consider the additional mass term as background values of spurions emerging from a term
t2f2(Uqj† + h.c), where Uqj = exp(iφj/f). The spurion transformation is then, Qj [t2j ] = qj , j =
0, 1, 2, . . . , N , with qj = 1 ∀ j and tj = t ∀ j.
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At this stage, we moreover introduce a deformation of the quartic piece of the Clockwork
sector potential: we replace the matrix M2 in the second term of the last line of Eq.(5) by
a matrix M˜2 the form of which will be given shortly. As we will explain later on, this –
seemingly arbitrary – choice is motivated by practical considerations.
All in all, our Lagrangian reads
LsFIMP = −1
2
N∑
j=0
∂µφ
†
j∂
µφj − 1
2
N∑
i,j=0
φiM
2
ijφ
j − m
2
24f 2
N∑
i,j=0
(φiM˜
2
ijφ
j)2
−κ|H†H|φ2N +
N∑
i=0
t2
2
φ2i . (12)
After electroweak symmetry is broken, the original Clockwork sector mass matrix is
modified to be
M˜ij ≡Mij + κv2δiNδjN . (13)
The exact value of f , the breaking scale, is not important here since our choice of quartic
couplings ensures that they do not play a part in dark matter production 4. The gear masses,
driven by the m parameter are chosen to be in the multi-TeV range. This choice also helps
evade constraints from the LHC and further ensures that v  m and will, thus, have only
a small effect on the form of the diagonalizing matrix O. Note, however, that we do not
neglect this effect in our calculations and numerically determine the exact matrix O˜ that
diagonalizes M˜2.
Interactions between dark matter pairs and the standard model arise through the term
|H†H|φ2N . Once we expand the Clockwork states in terms of their mass eigestates as φk =∑
lOklal, we obtain trilinear and quartic interactions as
Lint = κ|H†H|φ2N
= κ
N∑
l=0,m=0
ONlONmalam(v
2 + 2vh+ h2)/2 (14)
As we already noted, the first term also provides a small contribution to the FIMP mass
that is suppressed by a factor ∼ q−N . The zero mode-zero mode-Higgs interaction is, thus,
suppressed by ∼ κ
q2N
, while the zero mode-j-th gear-Higgs interaction is supressed by ∼
κ
qn
OjN . Finally there are gear-gear-Higgs(-Higgs) interactions that are unsupressed by the
Clockwork mechanism: at early enough cosmic times all gears are in kinetic and chemical
equilibrium with the SM thermal bath.
4 The value of f becomes important if there are off-diagonal interactions between the zero mode and higher
gears.
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FIG. 1: Contours indicating the values of q and N that satisfy the observed relic abundance for
κ = 1. Left: We choose m = 1 TeV and show contours for three different choices of the mass
parameter t = {0, 1, 100} GeV. Right: We choose t = 1 GeV and show contours for three different
choices of the mass parameter m = {1, 10, 100} TeV.
In Fig.1 we show contours in the q−N plane for which the dark matter abundance mea-
sured by Planck [46] can be reproduced in our model according to the freeze-in mechanism.
As expected, we see that for small values of q ∼ 2, this can be achieved for large N values
(∼ 25 − 30), whereas N ∼ 10 is sufficient for larger values of the Clockwork symmetry
breaking charge q ∼ 10. In the left hand-side figure we fix m = 1 TeV and show contours for
three different choices of the t mass parameter, t = 0, 1 and 100 GeV. For t = 0 the mass
of the FIMP is generated entirely from the terms in Eq.(14). It ranges from a few GeV at
low (q,N) – a regime in which, however, the DM candidate is highly overabundant5 – up
to a few keV at larger values. For t = {1, 100} GeV, on the other hand, the mass of the
FIMP receives two contributions and, for large enough (q,N), remains close to the value of
t. Since the mass of the FIMP increases with increasing t, we see that larger values of q and
N (i.e. further suppression from the Clockwork mechanism) are needed for larger values of
t in order to get the correct relic abundance. In the right hand-side figure, we fix t = 1 GeV
and vary the value of m. We see that as m decreases, the modification of the Clockwork
mass matrix by the Higgs vev grows in prominence requiring larger values of q and N in
order to suppress the coupling of the FIMP with the SM. Note that in all cases the dominant
DM production is due to the decays of the Clockwork gears into a0 and a Higgs boson.
Let us also comment on our choice of modifying the quartic term from its original form in
Eq.(5). Arguably, this choice somehow contradicts the original, symmetry-motivated spirit
5 In fact, in these cases a0 is not even really a FIMP!
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of the Clockwork mechanism and breaks the connection between the two lines of Eq.(5). The
reason why we have opted for this Lagrangian is a practical one: if we were to start with
the Lagrangian of Eq.(5), upon EWSB and after diagonalising the scalar sector mass matrix
we would pick up quartic interactions between the zero mode and all gears. Although these
interactions are Clockwork-suppressed as well, they give rise to a large number of processes
contributing to the dark matter relic abundance, making the problem almost intractable
from a computational standpoint. Our approximation ensures that despite the modification
of the Clockwork mass matrix and eigenbasis by the Higgs vacuum expectation value, there
are no quartic interactions between pairs of zero modes and pairs of gears. In fact, in
the mass eigenbasis, the quartic term is simply
∑
a4i . We can thus completely ignore the
quartic terms when calculating the dark matter relic abundance. We emphasize that – in
full generality – this choice of quartic coupling is not necessary for the freeze-in mechanism
to produce the correct relic abundance. An alternative possibility in order to reduce the
number of processes contributing to DM production could have been to stick to the original
Clockwork scalar potential, Eq.(5), and to send the masses of all gears above the reheating
temperature TR. In this case, the abundance of all gears would be exponentially suppressed
and the only processes contributing to DM production would be annihilation processes of
SM particles through the Higgs portal (or, for appropriate parameter choices, the decay of
the Higgs boson into DM pairs). Note that this would be a “technically natural” choice,
since in the limit m/f → 0 the symmetry of the theory is increased. Further, we also ensure
that f & m(1 + q). This condition ensures that the quartic couplings remain perturbative
and are not very large6.
Before moving to the fermion Clockwork, we finally point out that an alternative scalar
FIMP scenario could be obtained by introducing an additional singlet scalar s coupled on
one hand to the last site of the Clockwork sector and on the other hand to the Standard
Model via a Higgs portal interaction. The Lagrangian in this case reads
L = LSCW + (∂µs)2 + µ2s2 + λs4 + κs2|H†H|+ ξs2φ2N +
N∑
i=0
t2
2
φ2i (15)
Here we assume that s does not acquire a vacuum expectation value. Arguably, this model
has a simpler structure, as the Clockwork sector is not modified and all the analytic results
presented in Appendix A can be used promptly. Once again, the FIMP mass can be con-
trolled via the t2-terms and the relic density can be populated by the decay of heavier gears
to the singlet scalar and the zero mode via a suppressed coupling proportional to 1/qN . In
such a scenario there is the possibility that s is also a dark matter candidate. The relic
abundance from s can proceed through usual thermal freeze-out. In order to ensure that
the dominant contribution to the relic abundance comes from freeze-in of the FIMP and not
from freeze-out of s one must choose κ to be of order 1 or larger.
6 Recall that the for large N the largest mass is ∼ m(1 + q).
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IV. A FERMION CLOCKWORK FIMP
We now turn to the case of the fermion Clockwork mechanism, following the same line
of presentation as in the scalar case. We first recollect the general features of fermionic
Clockwork constructions and then propose a concrete realization of a fermion Clockwork
FIMP scenario.
A. The fermion Clockwork mechanism
While the scalar Clockwork relies on goldstone symmetry, the fermionic Clockwork is
based on chiral symmetry. We introduce N + 1 right-handed chiral fermions ψR,j, j =
0, . . . , N and N left-handed chiral fermions ψL,i, i = 0, . . . , N − 1. The chiral symmetry is
broken by N mass parameters mi, as well as N linking mass parameters mqi that induce
nearest-neighbour interactions. Much like in the scalar case, the linking parameters can be
treated as background values of spurions. Then, since N out of the N+1 sites are broken by
the mass parameters, a remnant right-handed chiral fermion remains massless. In general,
one can explicitly break the symmetry by adding a Majorana mass term either to the last
site or to every site for both the left- and right-handed chiral fermions. Working under this
assumption, we can write a Clockwork fermionic lagrangian as [18],
LFCW = Lkin −m
N−1∑
i=0
(ψ¯L,iψR,i − qψ¯L,iψR,i+1 + h.c)− ML
2
N−1∑
i=0
(ψ¯cL,iψL,i)−
MR
2
N∑
i=0
(ψ¯cR,iψR,i)
= Lkin − 1
2
(Ψ¯cMΨ + h.c) (16)
Instead of diagonalizing the mass matrix in the ψL and ψR basis, which would require
a biunitary transformation, we diagonalize the mass matrix M(2N+1)×(2N+1) in the basis
Ψ2N+1 = (ψL,0, . . . , ψL,N−1, ψcR,0, . . . , ψ
c
R,N). Here ψ
c denotes the charge-conjugated field.
Note that this was also the way the fermionic mass matrix was diagonalized in [18]. For
simplicity we assume that ML = MR = mq˜. The matrix M then reads
M = m ·

q˜ 0 . . . 0 1 −q 0 . . . 0
0 q˜ . . . 0 0 1 −q . . . 0
...
...
...
...
...
...
...
...
...
0 0 . . . q˜ 0 0 0 . . . −q
1 0 . . . 0 q˜ 0 0 . . . 0
−q 1 . . . 0 0 q˜ 0 . . . 0
...
...
...
...
...
...
...
...
...
0 0 . . . −q 0 0 0 . . . q˜

(2N+1)×(2N+1)
. (17)
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The procedure to diagonalize this matrix is described in Appendix B. The eigenvalues are
found to be
m0 = mq˜ ,
mk = m(q˜ −
√
λk), k = 1, . . . , N ,
mn+k = m(q˜ +
√
λk), k = 1, . . . , N , (18)
where λk is defined in Eq.(6). The mass eigenstates, denoted by χi, are related to the original
states ψ through a unitary rotation matrix U
U =
[
~0 1√
2
UL − 1√2UL
~uR
1√
2
UR
1√
2
UR
]
(2N+1)×(2N+1)
, (19)
such that the eigenstate expansion is ψi =
∑
j Uijχj. The elements of the unitary transfor-
mation matrix U are given by
~0i = 0, i = 1, . . . , N
(~uR)i =
1
qi
√
q2 − 1
q2 − q−2N , i = 0, . . . , N
(UL)ij =
√
2
N + 1
sin
ijpi
N + 1
, i, j = 1, . . . , N
(UR)ij =
√
2
(N + 1)λj
[
q sin
ijpi
N + 1
− sin (i+ 1)jpi
N + 1
]
, i = 0, . . . , N, j = 1, . . . , N (20)
Thus ~0 and ~uR are column vectors of size N and N + 1 respectively, while UL and UR are
matrices of dimension N ×N , and (N + 1)×N . In the limit where all the Majorana masses
vanish we recover the expressions for the eigenvalues and eigenvectors obtained in Ref.[9],
with UL, UR being the bi-unitary transformation matrices that diagonalize the left-handed
and right-handed chiral fermions. Crucially, the above eigenvectors imply that the Clockwork
mechanism is not altered by adding Majorana mass terms to the fermionic Clockwork matrix
(the qj suprression of the zero mode is still present), as it only adds a constant diagonal
matrix, analogously to the scalar case. An additional interesting feature is that the zero
mode may not be lightest mode, depending on the Majorana parameter mq˜. However, as
long as |m(q˜ − λk)| > mq˜, the lightest mode is indeed the zero mode. This feature was
explored in Ref.[18].
B. A model of fermionic FIMP
A fermion FIMP model can be constructed e.g. by coupling the Clockwork sector to the
Standard Model Higgs boson via a Yukawa interaction. Although this can be also achieved
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by directly coupling the N -th site to the SM left-handed fermions, in order to easily evade
flavour constraints we supplement the Clockwork Lagrangian described in Section IV A with
additional vector-like leptons L′ = (l1, l2) and R′ = (r1, r2) transforming as (1,2,−1/2)
under SU(3)c×SU(2)L×U(1)Y 7. We moreover impose a discrete Z2 symmetry under which
the SM is even and all other particles are odd and couple the last site of the Clockwork chain
(ψR,N) to the Standard Model Higgs through a Yukawa coupling involving the left-handed
exotic lepton doublet. Our Lagrangian is, thus
LfFIMP = LFCW + iL¯′ /DL′ + iR¯′ /DR′ +MD(L¯′R′) + Y L¯′H˜ψR,N + h.c (21)
where MD is the vector-like fermion Dirac mass and Y is the Yukawa coupling.
The vector-like leptons receive their mass from the Dirac mass term in Eq.(21), whereas
upon electroweak symmetry breaking the heavy “neutrinos” receive an additional contribu-
tion from the Yukawa term. This contribution is off-diagonal and induces a mass mixing
between the Clockwork gears and the heavy neutrinos. The overall mass matrix is, hence, ex-
panded with respect to its original form, Eq.(17), and the diagonalisation must be performed
in the extended basis including all BSM neutral fermions in the model. It reads
mν =

l1 r1 χ0 χ1 χ2 · · · χ2N
l1 0 MD vY0 vY1 vY2 · · · vY2N
r1 MD 0 0 0 0 · · · 0
χ0 vY0 0 M0 0 0 · · · 0
χ1 vY1 0 0 M1 0 · · · 0
χ2 vY2 0 0 0 M2 · · · 0
...
...
...
...
...
...
...
...
χ2N vY2N 0 0 0 0 · · · M2N

, (22)
where we have used the basis of states where the pure Clockwork sector is diagonal, defined
through ψR,k =
∑N
l=0 Uklχl. Moreover
Y0 = Y (uR)N =
Y
qN
√
q2 − 1
q2 − q−2N (23)
Yj = Y(N+j) =
Y√
2
(UR)Nj = Y
√
1
(N + 1)λj
[
q sin
Njpi
N + 1
]
, j = 1, . . . , N (24)
The mass matrix (22) is difficult to diagonalize analytically. In any case, the Lagrangian (21)
amounts to interactions of the FIMP candidate χ0 with the SM Higgs boson as well as, due
to the mixing between the Clockwork and the vector-like fermions, the SM gauge bosons.
7 Introducing leptons and scalars of higher SU(2) representations would also be a conceivable scenario,
however, we restrict ourselves to the simplest case.
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FIG. 2: Contours denoting the values of q and N that produce the observed relic abundance for
the fermionic Clockwork model. Here m = 100 TeV and the three contours are shown for three
choices of mq˜ = {0.01, 1, 100} GeV.
All these interactions are suppressed by the Clockwork mechanism, whereas the mixing is
governed by the ratio v/m. In the limit v/m → 0, all off-diagonal entries (except for MD)
vanish, as do all couplings of the Clockwork sector to gauge bosons. In this limit the only
interaction of the Clockwork sector to SM particles occurs through the Yukawa coupling.
Then, FIMP production can proceed through decays of heavier Clockwork gears into hχ0
final states, or via SM scattering processes mediated by the Higgs. Interactions between
fermion gears χk and the SM are not suppressed by the Clockwork mechanism, although in
the limit v/m → 0 interactions with the SM gauge bosons vanish. Hence, much like in the
scalar Clockwork case, at early enough cosmic times the gears are in thermal equilibrium
with the SM bath thanks to their interactions with the Higgs boson.
Although in principle it is possible to evaluate the relic density taking into account the full
mixing of the Clockwork fermions with the heavy neutrino, this is a numerically challenging
task 8. In light of the previous remarks, and in order to render the problem computationally
tractable, we instead choose to place ourselves in the limit v/m→ 0 by fixing m = 100 TeV.
This choice allows us to ignore the interactions of the FIMP with the SM gauge bosons. We
have cross-checked that the results obtained under this approximation agree with the full
computation at the percent level. Smaller values of m would increase mixing between the
Clockwork sector and the vector-like fermion and thus require larger values of q and N to
obtain the correct relic.
8 Roughly, there are about 2N + 1 processes one needs to consider when we use the assumption v/m→ 0,
which increases to 3(2N + 3)2 processes when we consider all mixings.
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In Fig.2 we present contours in the q − N plane for which the observed dark matter
abundance can be reproduced, fixing m = 100 TeV and for three different choices of mq˜ =
{0.01, 1, 100} GeV. As in the scalar case, we observe that for small values of q ∼ 2 − 3
large values of N ∼ 20− 25 are needed, whereas for large values of q ∼ 10 smaller values of
N ∼ 8− 10 are sufficient. We can also see that as we increase the value of mq˜ the required
values of q and N also increase, as smaller coupling values are needed in order to produce
the amount of dark matter necessary to explain the Planck observations. In this case, as
well, the dominant dark matter production mechanism is the decay of the vector-like leptons
(which, for our parameter choices, are the next-to-lightest Z2-odd particles) into hχ0 final
states.
Let us comment on one subtlety: in typical freeze-in scenarios, and in particular in
cases where FIMP production occurs through the decay of a heavier particle, most of dark
matter is produced at a temperature which corresponds roughly to one third of the mass
of the decaying particle. Then, for a choice m = 100 TeV, dark matter production peaks
at a temperature around 30 TeV, i.e. far above the temperature of electroweak symmetry
breaking. Strictly speaking, this feature would necessitate computing the total dark matter
yield both in the unbroken and in the broken phase of the Standard Model for different
temperature windows. However, since we work in the limit v/m → 0 and we neglect the
Yukawa-induced mass mixing between the gears and the vector-like leptons, the masses of
all BSM particles (including the zero mode and the vector-like fermions) are fully controlled
by parameters with no relation to EWSB and the only differences between the broken and
the unbroken phase of the Standard Model which could be of some relevance for dark matter
production are the mass of the Higgs boson and whether it is complex or real. At the end
of the day, both of these factors are of minor importance and, for simplicity, we perform our
calculations assuming electroweak symmetry is broken.
Note, also, that an alternative option to couple a fermionic Clockwork chain to the
Standard Model could be to introduce an additional singlet s that couples to the last site of
the right-handed sector of the quiver9. In this case, the introduction of vector-like fermions
would not be needed and the Lagrangian would read
L = LFCW + (∂µs)2 + µ2s2 + λs4 + κs2|H†H|+ Yss(ψ¯cR,NψR,N) (25)
Interactions with the SM are mediated by the Higgs portal term s2|H†H|. As mentioned
earlier, as long as s does not acquire a vacuum expectation value, there is no modification
to the Clockwork mass matrices. The coupling of s to the FIMP candidate (χ0) and the
heavier gears is therefore suppressed exactly by 1/qN . In this case the FIMP obtains a mass
via the Majorana mass terms.
9 One could also consider introducing an additional left-handed fermion.
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V. COMMENTS ON COLLIDER PHENOMENOLOGY
While the primary objective of this study is to assess the viability of freeze-in dark matter
in Clockwork constructions, the class of models we propose could also give rise to some
interesting signatures at high-energy colliders. In particular, the exponential suppression of
the zero mode couplings implies that quite generically, if the heavier gears can be produced
they will decay into dark matter particles with a long lifetime. For our scalar Clockwork
model, however, a smoking gun signature is difficult to achieve at the LHC. Since the only
interactions the Clockwork sector has with the Standard Model are via the Higgs, there is
only a handful of possibilities to access the gears. If the FIMP is lighter than the Higgs
(mh > 2ma0), the suppressed coupling h → a0a0 will show up as a small invisible decay
width. Since this coupling is of the order of 10−10 or smaller, measuring this invisible
width is beyond the capacity of both the LHC and even a future 100 TeV collider. The
second possibility is the production of the heavier gears via an off-shell Higgs. Following the
production of the heavier gears, they can decay to the lighter gears through O(1) couplings.
However, for a large enough number of sites, the mass gap between successive states is
extremely small, and thus the decay to the standard model via the Higgs will be suppressed
by the off-shell nature of the Higgs. Thus the most accessible state is the lightest gear a1,
with the decay a1 → ha0 proceeding via a Clockwork-suppressed coupling. If we consider the
scalar FIMP model described in Sec. III A, and a diagonal mass of t = 1 GeV, the FIMP
obtains a mass of ma0 ∼ 1 GeV 10, while the lightest gear for q=2 has a mass of ∼ 1 TeV
for a Clockwork mass parameter of 1 TeV. While the production of gears via an off-shell
Higgs in this mass range is suppressed at the LHC, a 100 TeV collider can potentially access
these states. At a 100 TeV collider, where the cross-section will be large enough, the decay
a1 → ha0 → bb¯ + EmissT will produce displaced b-jets in association with missing energy.
For the alternative scalar FIMP model described by Eq.(15), the scalar s is produced via
the Higgs and, if it is lighter than half the Higgs mass (mh > 2ms0), would lead to an
invisible decay width measurable at both LHC and higher energy colliders. However the
higher gears would still be relatively inaccessible at the LHC (potentially accessible at a 100
TeV collider).
For the fermionic Clockwork described in Sec. IV B, as we argued the gears have to be
at a high mass scale, which renders them inaccessible at colliders. In the model described
instead by Eq.(25), since there is no mixing between the Higgs and the Clockwork sectors,
the gears can be light. The phenomenology therefore is similar to the scalar Clockwork case.
10 Recall that the Higgs vev only adds a Clockwork-suppressed mass.
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VI. SUMMARY AND DISCUSSION
In this paper we studied different ways through which the Clockwork mechanism can be
invoked in order to explain the extremely small couplings typically required in freeze-in dark
matter production scenarios. We explored two such concrete realisations, one based on a
scalar and one on a fermion Clockwork chain and briefly sketched some alternative ideas. In
both cases the dark matter candidate is the lightest particle of the Clockwork chain, whose
interactions with the Standard Model (as well as with any particle belonging to the same
thermal bath as the SM) are feeble due to their suppression by powers of qN , where q is the
Clockwork symmetry breaking charge and N the number of sites in the chain.
We indeed found that for appropriate values of these two parameters the lightest Clock-
work states are FIMPs and their freeze-in abundance can meet the one inferred from cos-
mological observations. We pointed out a simple way to achieve heavier FIMP masses with
respect to other similar models proposed in the literature, by introducing a modification of
the original Clockwork Lagrangian which does not affect the exponential suppression of the
zero mode couplings. We hope this will provide more freedom for model-building ventures
along (and beyond) the lines of the simple models we presented. We moreover pointed out
several subtleties and computational challenges that can appear in Clockwork FIMP models
and proposed ways to tackle them. Lastly, we detailed a method to diagonalise Clockwork-
type mass matrices which, to the best of our knowledge, has not been presented as explicitly
in the literature before.
Having been motivated primarily by low-energy considerations, one question that we
chose not to address in this paper is the dynamical origin of the Clockwork symmetry
breaking parameters and the way it could affect our results. For example, if these parameters
are viewed as background values of actual dynamical fields, these fields might possess O(1)
couplings with the zero mode and, if they are present in the SM thermal bath after reheating
(i.e. if they are light enough), they could bring the dark matter candidate in thermal
equilibrium with the Standard Model (cf also some relevant comments in the “Clockwork
WIMP” scenario presented in [27]). Such a feature would, clearly, hinder the zero mode
from being a viable FIMP dark matter candidate. It would be interesting to study potential
UV completions of Clockwork FIMP scenarios, a discussion which we postpone for future
work.
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Appendix A: Diagonalizing tridiagonal and Toeplitz matrices
We describe here the procedure to diagonalize general tridiagonal matrices, of which
Toeplitz matrices are a special case. We follow [47] in the following discussion. A brief proof
for a special case along these lines was provided in [22]. Consider a n × n 11 tridiagonal
matrix of the form
An =

−α + b c 0 0 . . . 0 0
a b c 0 . . . 0 0
0 a b c . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 0 . . . a −β + b

n×n
(A1)
where α, a, b, c ∈ C. The eigenvalue equation for this matrix can be written as
AX = λX (A2)
where λ, the eigenvalues, are obtained by solving the characteristic polynomial equation
of degree n, |A − λI| = 0. We will however proceed to solve the eigenvalue problem by a
recursion relation of sequences. To this end, we define the sequence X = {x}∞i=0, x0 = 0,
xn+1 = 0
12, such that a recursion relation can be written for any term in the eigenvalue
problem,
axi−1 + bxi + cxi+1 = λxi + fi, i = 1, 2, . . . , (A3)
with f1 = αx1, and fn = βxn, and fi = 0 for i 6= 1, n. Defining a sequence f = {fi}∞i=0, we
can rewrite the above recursion relation as
c{xi+2}∞i=0 + b{xi+1}∞i=0 + a{xi}∞i=0 = λ{xi+1}∞i=0 + {fi+1}∞i=0 (A4)
11 In the notation of the main body of the paper, viz. section III, n= N+1
12 Any quantitiy in curly brackets should be interpreted as a sequence in this section.
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We now further define two sequences h = {0, 1, 0, . . . }, and x¯ = {x, 0, 0, . . . , }, and use
the Cauchy convolution theorem for the product of two sequences, a = {a}∞i=0, b = {b}∞i=0,
as ab =
∑∞
i=0 ci, where ci =
∑i
l=0 albi−l, to rewrite the recursion relation by convolution of
Eq.(A4) with h2 as13
X =
(f + cx¯1)h
ah2 + (b− λ)h+ c¯ . (A5)
The denominator of this equation has two roots, which can be written as
γ± =
−(b− λ)±√ω
2a
, with ω = (b− λ)2 − 4ac; γ±, ω ∈ C . (A6)
Let γ = p± iq, such that γ+γ− = p2 + q2 = c/a, and γ+ + γ− = 2p = (λ−b)a . We obtain the
relations
γ± =
√
p2 + q2(cos θ ± i sin θ) = 1
ρ
e±iθ
ρ = ±
√
a
c
; cos θ =
p√
p2 + q2
=
λ− b
2
√
ac
, ρ, θ ∈ C. (A7)
We can then decompose the relation in Eq.(A5) in partial fractions as
X =
1√
ω
{(
a
c
)j+1(
γj+1+ − γj+1−
)}
(f + cx¯1)h . (A8)
Using De-Moivre’s theorem we can simplify this expression as
X =
2i√
ω
{ρj+1 sin(j + 1)θ}(f + cx¯1)h . (A9)
Since f1 = αx1,fn = βxn, and fj = 0 for j 6= 1, n, we can obtain an expression for xj
xj =
2i√
ω
(cx1ρ
j sin(jθ) + αx1ρ
j−1 sin(j − 1)θ +H(j − n− 1)βxnρj−n sin(j − n)θ) (A10)
where H(x), the Heaviside step function is defined the usual way: H(x) = 1 if x ≥ 0, and
H(x) = 0 if x < 0. The crucial recurence relation is
√
ω
2i
xj+1 = cx1ρ
j+1 sin(j + 1)θ + (α + β)x1ρ
j sin jθ +
1
c
αβx1ρ
j−1 sin(j − 1)θ (A11)
Since ρ, x1 6= 0, and xj+1 = 0, we obtain the definitive condition
ac sin(n+ 1)θ + (α + β)ρc sinnθ + αβ sin(n− 1)θ = 0 (A12)
13 To obtain Eq.(A5), note that hxn+1 = h{x1, x2, . . .} = X− x¯0. Also note that, h2{xn+2} = X− x¯0−x1h.
Therefore, solving for X, and substituting x0 = f0 = 0, we obtain, (ah
2 + (b − λ)h + c¯)X = (f + cx¯1)h.
Since c 6= 0, we obtain Eq. (A5).
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From Eq.(A7), the eigenvalues are given by
λ = b+
2a
ρ
cos θ (A13)
We are, thus, left with solving Eq.(A12) for θ to obtain the eigenvalues λ given by Eq.(A13).
The eigenvectors, on the other hand, are given by
xj =
x1ρ
(j−1)
sin θ
[sin jθ +
α
ρc
sin(j − 1)θ] (A14)
For the Clockwork matrix b = 1 + q2, α = q2, β = 1, a = c = −q, ρ = ±1. Thus the
condition in Eq.(A12) reduces to,
q2(2 sinnθ cos θ)− q(1 + q2)ρ sinnθ = 0 (A15)
yielding the conditions
sin nθ = 0, or cos θ =
1
2q
(1 + q2)ρ . (A16)
For sinnθ = 0⇒ θ = kpi
n
, yielding the n− 1 eigenvalues, for ρ = +1,
λk = (1 + q
2)− 2q cos kpi
n
, k = 1, . . . , n− 1 (A17)
The eigenvectors are obtained from Eq.(A14), by choosing x1 = sin θ
(xj)k = Z
[
sin
jkpi
n
− q sin (j − 1)kpi
n
]
, j = 1, . . . , n; k = 1, . . . , n− 1 (A18)
where Z is a normalization factor found to be Z =
√
2
nλk
.
The remaining eigenvalue is obtained from the condition cos θ = 1
2q
(1 + q2)ρ, yielding
λ = 0 . (A19)
It corresponds to the zero mode of the Clockwork matrix. To obtain the corresponding
eigenvector we first note that sin θ = i(1−q
2)
2q
and eiθ = q. Hence, from Eq.(A14), and
eventually choosing x1 = 1, we get
(xj)0 = Z
x1
sin θ
[
sin jθ − q sin(j − 1)θ
]
= Z
x1
sin θ
[
eijθ − e−ijθ
2i
− e
i(j−1)θ − e−i(j−1)θ
2i
]
⇒ (xj)0 = Z
qj−1
(A20)
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with the normalization factor being Z =
√
q2−1
q2−q−2(n−1) .
We can now attempt to deform the Clockwork matrix. To this end, we first note that
this matrix is rather special, as α, β, a, c have particular values that allow for an analytic
solution of Eq.(A12). If α = β = 0, the matrix Eq. (A1) reduces to a Toeplitz matrix,
which can be easily diagonalised by solving Eq.(A12). Next we note that adding a constant
diagonal matrix to Eq.(A1), the eigenvalues just get shifted by the constant diagonal, given
by b, while the eigenvectors do not change at all. For arbitrary values of α, and β, the
transcendental Equation (A12) has to be solved numerically. We have however checked
numerically that the β-dependence of the eigenvalues and the eigenvectors is minimal. The
zero mode is, thus, only corrected by a very small amount for β > 1, with the eigenvector
remaining the same. Essentially, any non-zero value for β is “Clockworked” and the zero
mode remains nearly massless. The other eigenvalues are corrected by order one numbers.
Changing α > 1, however, has the opposite effect. Numerical diagonalization reveals that
the zero mode gets corrected by an order one number, and that the “Clockwork mechanism”
does not work anymore.
Appendix B: Diagonalizing the fermionic Clockwork matrix
To diagonalise the mass matrix in Eq.(17), we rewrite it as
M =
[
Al×l Bl×r
BTr×l Dr×r
]
(2n+1)×(2n+1)
(B1)
where, for l = n, r = n+ 1, the matrices A, D and B read
A = (Il×l)mq˜, D = (Ir×r)mq˜
B = m

1 −q 0 0 . . . 0
0 1 −q 0 . . . 0
0 0 1 −q . . . 0
...
...
...
...
...
...
0 0 0 0 1 −q

n×n+1
. (B2)
We first note that the matrix (BTB)r×r is given by
(BTB)r×r =

1 −q 0 0 . . . 0 0
−q 1 + q2 −q 0 . . . 0 0
0 −q 1 + q2 −q . . . 0 0
...
...
...
...
...
...
...
0 0 0 0 . . . 1 + q2 −q
0 0 0 0 . . . −q q2

(n+1)×(n+1)
(B3)
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which is exactly equal to the scalar Clockwork matrix, with eigenvalues and eigenvectors
given by Eqs.(6) and (7). We also note that the matrix (BBT ) is given by
(BBT )l×l =

1 + q2 −q 0 0 . . . 0 0
−q 1 + q2 −q 0 . . . 0 0
0 −q 1 + q2 −q . . . 0 0
...
...
...
...
...
...
...
0 0 0 0 . . . 1 + q2 −q
0 0 0 0 . . . −q 1 + q2

n×n
(B4)
which is a banded (n × n) Toeplitz matrix with eigenvalues and eigenvectors given by Eq.
(A13),
λk = 1 + q
2 − 2 cos kpi
(n+ 1)
, (k = 1, . . . , n),
χk =
√
2
n+ 1
sin
ikpi
n+ 1
, (i = 1, . . . , n) (B5)
To solve the eigenvalue equation, MU = ΛU , we write
U =
[
X
Y
]
(B6)
where X and Y are column vectors of size l and r respectively. Then, the eigenvalue equation
is [
Al×l Bl×r
BTr×l Dr×r
][
Xl
Yr
]
= Λ
[
Xl
Yr
]
(B7)
which leads to two equations,
(Al×l − ΛIl×l)Xl +Bl×rYr = 0
BTr×lXl + (Dr×r − ΛIr×r)Yr = 0 (B8)
Since A and D are diagonal, we have the trivial relations,
(A− Λ)l×l = (mq˜ − Λ)Il×l; (D − Λ)r×r = (mq˜ − Λ)Ir×r
(A− Λ)−1l×l =
1
(mq˜ − Λ)Il×l; (D − Λ)
−1
r×r =
1
(mq˜ − Λ)Ir×r (B9)
This yields the first eigenvalue, Λ = mq˜. Additionally, using the above set of equations, we
obtain the following equations for the eigenvalue problem
[(BTB)r×r + (mq˜ − Λ)2Ir×r]Yr = 0
[(BBT )l×l + (mq˜ − Λ)2Il×l]Xl = 0 . (B10)
23
Let S and T be the matrices that diagonalize BTB and BBT respectively. Then we obtain
T−1[(BBT )l×l + (mq˜ − Λ)2Il×l]T = 0 . (B11)
The eigenvalues of BBT have already been calculated, and thus the eigenvalue for the above
equation is
Λk = mq˜ ±m
√
λk . (B12)
Similarly, solving the second condition for BTB yields the second set of eigenvalues, and
thus we obtain the set,
Λk = mq˜,mq˜ ±m
√
λk (B13)
In order to find the eigenvectors, we note that the eigenvector blocks X, Y should simulta-
neously satisfy Eq.(B10). For the eigenvector Λk = mq˜, while Yq =
N0
qj
, (j = 1, . . . , N), the
second of the equations in Eq.(B10) can only be satisfied for X = ~O, the null vector. This
yields part of the eigenvectors. Noting that the fermionic mass matrix is diagonalised by a
bi-unitary transformation in the ψL−ψR basis , we make an ansatz for the eigenvectors and
write them as
U =
[
~O αUL βUL
~uR γUR δUR
]
(B14)
where uR, UL, UR are given by Eq.(20). The constants and the signs of the constants α, β, γ, δ
are to be fixed by normalization and orthogonalization of the eigenvectors UTU = 1. This
yields, α = γ = δ = 1√
2
; β = − 1√
2
and thus the eigenvectors are given by Eq.(20).
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